EXTRACTING ACCURATE SINGULAR VALUES FROM
APPROXIMATE SUBSPACES

LORENZO LAZZARINO, HussaMm AL DAAS, YUJI NAKATSUKASA

Mathematical Institute - University of Oxford

Computational Mathematics Theme - STFC UKRI

30th Biennial Conference on Numerical Analysis, 25th June 2025

Oxford

i /
Mathematics x

&

=
g

UNIVERSITY OF

OXFORD

Mathematical
Institute




EXTRACTING ACCURATE SINGULAR VALUES FROM APPROXIMATE SUBSPACES

PROBLEM SETTING
CLASSICAL APPROACHES
TECHNIQUES FROM (RANDOMIZED) LOW-RANK APPROXIMATIONS

EXTRACTING SINGULAR VALUES WITH GN

ANALYSIS AND COMPARISON

Oxford
Mathematics



PROBLEM SETTING




PROBLEM SETTING
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Given U and/or V (orthonormal)
approximations of the leading singular
subspaces of A
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AIM: Approximate the leading singular values
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CLASSICAL APPROACHES

CLASSICAL APPROACHES > Rayleigh Ritz and (one-sided) SVD approximations

Rayleigh Ritz (RR)

. (Dax, 2012)
(Saad, 2011)
(Xin-guo, 1992)

U;(A) ~ O','(U*AV) = Ji(ARR,V,U)
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CLASSICAL APPROACHES > Rayleigh Ritz and (one-sided) SVD approximations

Rayleigh Ritz (RR) R 0o 2012
(Saad, 2011)
(Xin-guo, 1992)

U;(A) ~ O','(U*AV) = Ji(ARR,V,U)

» Ny + O(mr?) + O(r)
» Single-pass
» 1 multiplication by A
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» 1 multiplication by A

A= QI AQ

i(Arg,i,0) = oi(A_ 5] 5] )1

=0i(Aun) =o; Gi\él SD

Oxford
Mathematics



CLASSICAL APPROACHES

CLASSICAL APPROACHES > Rayleigh Ritz and (one-sided) SVD approximations

(one-sided) SVD approximations

Rayleigh Ritz (RR) T
(Saad, 2011)
(Xin-guo, 1992)

0i(A) = 0i(AV) =: 0i(Agyp.i)
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CLASSICAL APPROACHES

CLASSICAL APPROACHES > Rayleigh Ritz and (one-sided) SVD approximations

(one-sided) SVD approximations

Rayleigh Ritz (RR) R 0o 2012
(Saad, 2011)
(Xin-guo, 1992)

0i(A) = 0i(AV) =: 0i(Agyp.i)

U;(A) ~ O','(U*AV) = Ji(ARR,V,U)

» Ny + O(mr?) + O(r) » N, + O(mr?)
» Single-pass » Single-pass
» 1 multiplication by A » 1 multiplication by A

A= QfAQ

i(Arg,i,0) = oi(A_ 5] 5] )1
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CLASSICAL APPROACHES

CLASSICAL APPROACHES > Rayleigh Ritz and (one-sided) SVD approximations

(one-sided) SVD approximations

Rayleigh Ritz (RR) R 0o 2012
(Saad, 2011)
(Xin-guo, 1992)

0i(A) = 0i(AV) =: 0i(Agyp.i)

O','(A) ~ O','(U*AV) = Ji(ARR,V,U)

» Ny + O(mr?) + O(r) » N, + O(mr?)
» Single-pass » Single-pass
» 1 multiplication by A » 1 multiplication by A

A= QfAQ
Oj(ARR,V,U) = GI(ARR, [I(ﬂ i [I,ark} )| U"(ASVD«,V) = Ui(A“S\/D‘ [,6})

=0i(An) =o; ({;\31 g}) =oi([A 0])
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CLASSICAL APPROACHES

CLASSICAL APPROACHES > Rayleigh Ritz and (one-sided) SVD approximations » Accuracy

Rayleigh Ritz (RR) (one-sided) SVD approximations

. (Dax, 2012)
(Saad, 2011)
(Xin-guo, 1992)

a,-(A) ~ G,(U*AV) = Ui(ARR,V,U) O',‘(A) ~ O',(A\?) = Ui(ASVD,V)
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CLASSICAL APPROACHES

CLASSICAL APPROACHES > Rayleigh Ritz and (one-sided) SVD approximations » Accuracy

Rayleigh Ritz (RR) (one-sided) SVD approximations

. (Dax, 2012)
(Saad, 2011)
(Xin-guo, 1992)

a,-(A) ~ G,(U*AV) = Ui(ARR,V,U) O',‘(A) ~ O',(A\?) = Ui(ASVD,V)
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CLASSICAL APPROACHES

CLASSICAL APPROACHES > Rayleigh Ritz and (one-sided) SVD approximations » Accuracy

Rayleigh Ritz (RR) (one-sided) SVD approximations

. (Dax, 2012)
(Saad, 2011)
(Xin-guo, 1992)

a,-(A) ~ G,(U*AV) = Ui(ARR,V,U) O',‘(A) ~ O',(A\?) = Ui(ASVD,V)
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TECHNIQUES FROM (RANDOMIZED) LOW-RANK APPROXIMATIONS




TECHNIQUES FROM (RANDOMIZED) LOW-RANK APPROXIMATIONS

RANDOMIZED SVD (HMT)

Randomized SVD [ ]
(Clarkson, Woodruff, 2017)

(Halko, Martinsson, Tropp, 2011)

Ax (AQ)(AQ)}LA = AHMT,S'Z (Rokhlin, Szlam, Tygert, 2009)

1. Choose Q € R"*" 2. Sketch: X = AQ 3. [Q,~] =qr(X,0) 4. Ayur,0 = Q(Q*A)
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TECHNIQUES FROM (RANDOMIZED) LOW-RANK APPROXIMATIONS

RANDOMIZED SVD (HMT)

Randomized SVD [ ]
(Clarkson, Woodruff, 2017)

(Halko, Martinsson, Tropp, 2011)

Ax (AQ)(AQ)—‘-A =: AHI\/IT,Q (Rokhlin, Szlam, Tygert, 2009)

1. Choose Q € R"™" 2. Sketch: X = 3. [Q~] = qr(X.0) 4. Apwr.o = o()

» N, +O(mr2) + N,
» Double-pass

» 2 multiplications by A
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TECHNIQUES FROM (RANDOMIZED) LOW-RANK APPROXIMATIONS

GENERALIZED NYSTROM APPROXIMATION

Generalized Nystrom n
(Clarkson, Woodruff, 2009)

(Nakatsukasa, 2020)

A= AQl(QgAﬂl)TﬂgA =: AGn,0;,0, (Woolfe, Liberty, Rokhlin, Tygert, 2008)

1. Choose Q1 € R™" Q, € R™*(+4) 2. Two-side Sketch: X = AQ; and Y = Q}A
3. [Q,R] = qr(YQl,O) 4. AGN7Q17§22 = (XRfl)(Q* Y)

Oxford
Mathematics



TECHNIQUES FROM (RANDOMIZED) LOW-RANK APPROXIMATIONS

GENERALIZED NYSTROM APPROXIMATION

Generalized Nystrom

. (Clarkson, Woodruff, 2009)
(Nakatsukasa, 2020)
A= AQI(Q;AQI)TQ;A == AGN,Q1,QZ (Woolfe, Liberty, Rokhlin, Tygert, 2008)

1. Choose Q1 € R™%r @, € R™X(r+0) 2. Two-side Sketch: X = and Y =

3. [QR] = ar(YQ1,0) 4. Aen,0,,0, = (XR=H(Q*Y)

¥ Nopie +O(r* + (m+ n)r?)
» Single-pass
» 2 multiplications by A
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EXTRACTING SINGULAR VALUES WITH GN




EXTRACTING SINGULAR VALUES WITH GN

GN APPROXIMATION AND EXTRACTING SINGULAR VALUES

Generalized Nystrom

Given approximations U and V to the leading singular subspaces,

oi(A) ~ o (A\"/(U*A\"/)TU*A) =: oV

Nopyg
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EXTRACTING SINGULAR VALUES WITH GN
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EXTRACTING SINGULAR VALUES WITH GN

GN APPROXIMATION AND EXTRACTING SINGULAR VALUES

Generalized Nystrom

Given approximations U and V to the leading singular subspaces,

i

oi(A) ~ o; (A\"/(U*A\"/)TU*A) =: oSN

O','( Ry R; Q5 Rg )

Norsg +O((m + n)r?)
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MOTIVATIONAL COMPARISON

Single-pass methods
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EXTRACTING SINGULAR VALUES WITH GN

GN AND MATRIX PERTURBATION THEORY

GN and Orthogonal Transformations

Consider T1 and T, orthogonal matrices, then

T (Mgy, i) T2 = (TI*MT2)GN,T2* V.10

For any orthonormal V and U we can:
1. Defne = [0 U,] @=[V V]
2. Consider the transformed matrix: Q AQ»;
3. Consider the transformed GN approximation:

QTAGN,\”/,UQQ = (QTAQ2)GN,Q2*\7,Q1*U = (QTAQZ)GN |:Ir:| {Ir+[:| ’
ol |6
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EXTRACTING SINGULAR VALUES WITH GN

GN AND MATRIX PERTURBATION THEORY

GN and Orthogonal Transformations

Consider T1 and T, orthogonal matrices, then

T (Mgy, i) T2 = (TI*MT2)GN,T2* V.10

For any orthonormal V and U we can:
1. Define Ql = [0 UJ_] Qz = [\7 VJ_];
2. Consider the transformed matrix: Q AQ»;

3. Consider the transformed GN approximation:

QikAGN’\“/’UQQ = (QTAQ2)GN,Q2*\~/,QTU =] (QikAQ2)GN {Ir] {INJ] :
lo|*| o

= 1) il g.0)| = QAR ~i(GEAQ) 1 1))
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EXTRACTING SINGULAR VALUES WITH GN

GN AND MATRIX PERTURBATION THEORY > Express Agy as a perturbation of the original matrix A

r B=0
r+¢
| A A
r+e[ e Frdf A | Am
r —

[l |

= =, @= A ‘ R (Tropp, Webber, 2023)
o=0| © m—(r+0| o m—(r+ 8| Axn } Ao
|
|
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EXTRACTING SINGULAR VALUES WITH GN

GN AND MATRIX PERTURBATION THEORY > Express Agy as a perturbation of the original matrix A

r n—r
o ’Ii/‘ re e A l K
r —
[l |
V= - |, 0= , A ‘
n—r| O m—(r+¢) 0 m—(r+0)| Ax } Az
|
|
An
Lo - 7 AV (*
AGN,VU_ (UTAV)TU*A
Aoy
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EXTRACTING SINGULAR VALUES WITH GN

GN AND MATRIX PERTURBATION THEORY > Express Agy as a perturbation of the original matrix A

7 P
r+t rli/[ 73| Am l 7A12
,
[l |
V= - 0:= A= ‘
n—r| O m—(r+¢) 0 m—(r+0)| Ax } Az
|
\
A1
R - 7+ AV T
An, 7,0 = (UTAV) [ A | A1z ]
A
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EXTRACTING SINGULAR VALUES WITH GN

GN AND MATRIX PERTURBATION THEORY > Express Agy as a perturbation of the original matrix A

v P
o ’Ii/‘ rt Aﬁ11 l ,Alz,
r —
[l |
V= -, 0= L A= I
n—r| O m—(r+¢) 0 m—(r+0)| Ax } Az
|
[
A1
R - T
Aen,v,0 = (Au)" | An | A1z
A1
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EXTRACTING SINGULAR VALUES WITH GN

GN AND MATRIX PERTURBATION THEORY > Express Agy as a perturbation of the original matrix A

r+¢
r+€| lie

m—(r+0| o

MMIM = m

A11A11A11

A21A11A11

A11ALA12
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EXTRACTING SINGULAR VALUES WITH GN

GN AND MATRIX PERTURBATION THEORY > Express Agy as a perturbation of the original matrix A

r n—r
i ’Iif el Au | A
Tl N \
Vo= - | 0= — I M has linearly independent columns
n—r| 0 m—(r+0)| 0 m—(r+0| Ax } As — MM=MM=wMm
|
|
=An
T
AnAl Al | A Al A
A |
AN v 0 = a (An)f [ A1 | Az ] = |
A21 i | ;
A21A11 A1 | A21A11 A2
|
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EXTRACTING SINGULAR VALUES WITH GN

GN AND MATRIX PERTURBATION THEORY > Express Agy as a perturbation of the original matrix A

r+¢
r+€| lie

GN,V,U

r n—r
r+e| An | A1z
I
— |
m—(r+0)| An } Ax
I
|

(An)T { Aur | Arz ] =

A21AIIA11
—
=A2

A21A11A12
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EXTRACTING SINGULAR VALUES WITH GN

GN AND MATRIX PERTURBATION THEORY > Express Agy as a perturbation of the original matrix A

r n—r
r+¢
o A A
r+ef lye o il l 7127
r i
[l |
V= - 0= A |
o=0| © m—(r+0| o m—(r+0| An } Ao
|
|
0 |
Aen, v, 0 =A— |
° |

Axp — A21AL A1z

:ZA—EGN
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EXTRACTING SINGULAR VALUES WITH GN

GN AND MATRIX PERTURBATION THEORY > Express Agy as a perturbation of the original matrix A

r n—r

® ’C(DD ® Ail ! 7A127

r
o[l B
V= |, 0= , A=
n—r| 0 m-®| 0 m—®| Az Az

- . |
|
|
Aan,v,0 = A= |
’ |
|
L |

No-oversample (¢ = 0)
> A2 — A11A] A1z = 0, but change of
block sizes!

= A—- EGN
Axn — A21AJ{1A12
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EXTRACTING SINGULAR VALUES WITH GN

GN AND MATRIX PERTURBATION THEORY > Weyl's bound

Weyl's Theorem

For any matrix M we have that

loi(M) — ai(M + E)| < || Ell2

. Cor. 7.3.5 (Horn, Johnson, 2012)
Cor. 1.4.31 (Stewart, 1998)
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EXTRACTING SINGULAR VALUES WITH GN

GN AND MATRIX PERTURBATION THEORY > Weyl's bound

Weyl's Theorem

For any matrix M we have that R Cor. 7.3.5 (Horn, Johnson, 2012)
— Cor. 1.4.31 (Stewart, 1998)

loi(M) — ai(M + E)| < || Ell2

10710

loi(A) — ai(Agy,v,0)]

10715 &
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EXTRACTING SINGULAR VALUES WITH GN

GN AND MATRIX PERTURBATION THEORY > Weyl's bound

Weyl's Theorem

For any matrix M we have that R Cor. 7.3.5 (Horn, Johnson, 2012)
— Cor. 1.4.31 (Stewart, 1998)

loi(M) — ai(M + E)| < || Ell2

10°°
10—10

|0i(A) = i(Agn, v, 0)! < [IEanll2 1015

0 50 100 150
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ANALYSIS AND COMPARISON Matrix perturbation theory result

RESULT ON SYMMETRIC MATRICES

Consider the n X n symmetric matrices

Hi1  H ~ Ei1 ES
H:= 21 H:=H 2l = H+E.
{Hn H22} ’ * [521 E22} +

. Theorem 3.2 (Nakatsukasa, 2012)
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ANALYSIS AND COMPARISON Matrix perturbation theory result

RESULT ON SYMMETRIC MATRICES

Consider the n X n symmetric matrices

Hi H2*1 ~ Ei1  E5 . Theorem 3.2 (Nakatsukasa, 2012)
= H:=H 21) — H 4+ E.
{Hn Ha |’ * Ex  Ex +
Define

o ( | Ha1ll2 + || E21 ]2 )
/ min; [Ai(H) — Aj(H22)| — 2[|E|l2
Then, for each i, if ; > 0, then

IXi(H) = Xi(A)| < ||Exall2 + 2l| Extll27i + || Ex2ll27?,
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RESULT ON SYMMETRIC MATRICES

Consider the n X n symmetric matrices

Hi1  H ~ Ei1  E5 . Theorem 3.2 (Nakatsukasa, 2012)
H:= A H:=H 2Ll —: H+ E.

{Hn H22} ’ * [521 E22} *
Define

o ( [H21ll2 + || E21l2 )
" \min; [Xi(H) — Xj(H22)| — 2|[E]l2

Then, for each i, if ; > 0, then

IXi(H) = Xi(A)| < ||Exall2 + 2l| Extll27i + || Ex2ll27?,

» 7; < 1 necessary to be better than Weyl
» If [|E11]l2 < ||E]|2 and A; is far from the spectrum of Hay then 7; < 1

» If E;; = E>1 = 0 and Hp; is small, then \; is particularly insensitive to the perturbation Epxp
— bound proportional to || Ex||2 | Ha1[3
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ANALYSIS AND COMPARISON Matrix perturbation theory result

FROM THE SYMMETRIC TO THE GENERAL RESULT

General case

1 Generalize (Nakatsukasa, 2012) to the 2 x 2 block matrix:
Transform to symmetric G o Gl B

¥ T C G’

Obtain necessary i X
structure and its perturbation:

1

Apply symmetric Result é = G - Fll F12 = G =F F
Fa1  Fa2

!

Transform back

4 Strategy: Use a technique in (Li, Li, 2005)

General Result

Oxford
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ANALYSIS AND COMPARISON Matrix perturbation theory result

FROM THE SYMMETRIC TO THE GENERAL RESULT

General case

!

Transform to symmetric

!

Obtain necessary
structure

!

Apply symmetric Result

!

Transform back

!

General Result

. Thm. 7.3.3 (Horn, Johnson, 2012)

Thm. 1.4.2 (Stewart, Sun, 1990)

Jordan-Wielandt (JW) Theorem

Let {o;(M)}7_, be the singular values of a matrix M € C™*", with m > n. Then,

the symmetric matrix
0o M
@ &)

has eigenvalues £01(M), ..., £o,(M) and m — n zeros eigenvalues.
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FROM THE SYMMETRIC TO THE GENERAL RESULT

. Thm. 7.3.3 (Horn, Johnson, 2012)

Thm. 1.4.2 (Stewart, Sun, 1990)
General case

!

Transform to symmetric

Jordan-Wielandt (JW) Theorem

4 Let {o;(M)}7_, be the singular values of a matrix M € C™*", with m > n. Then,
. the symmetric matrix
Obtain necessary
structure 0 M (1)
1 M* 0
_ has eigenvalues +01(M), ..., +0,(M) and m — n zeros eigenvalues.
Apply symmetric Result
0 0 | G B
Transform back 0 ‘ G 0 0 ‘ c G
\L G — GJW = — — — = = = = = =
General Result G* ‘ 0 Gl* ¢ ‘ 0 0
B* 5 0 0

Oxford
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ANALYSIS AND COMPARISON Matrix perturbation theory result

FROM THE SYMMETRIC TO THE GENERAL RESULT

Obtain a matrix similar to G, suitable for (Nakatsukasa, 2012) and with blocks

General case reasonably related to the blocks of G

!

Transform to symmetric

v 0 0 | G B

Obtain necessary structure
i 0 0 | C G

Apply symmetric Result

. “C* ] 0 0

Transform back 1
i B* Gy | 0 0
General Result | _
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ANALYSIS AND COMPARISON Matrix perturbation theory result

FROM THE SYMMETRIC TO THE GENERAL RESULT

Obtain a matrix similar to G, suitable for (Nakatsukasa, 2012) and with blocks

General case reasonably related to the blocks of G

!

Transform to symmetric

v 0 0 | G B

Obtain necessary structure
i 0 0 | C G

Apply symmetric Result

. “Cr | 0 0

Transform back 1
i B* Gy | 0 0
General Result | _
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FROM THE SYMMETRIC TO THE GENERAL RESULT

Obtain a matrix similar to G, suitable for (Nakatsukasa, 2012) and with blocks
General case reasonably related to the blocks of G

!

Transform to symmetric

N 0 0 | G B
Obtain necessary structure
} r |0
Apply symmetric Result
1
Transform back O O ‘ C G2
{ B* * ‘

General Result 2

o

o
o
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FROM THE SYMMETRIC TO THE GENERAL RESULT

Obtain a matrix similar to G, suitable for (Nakatsukasa, 2012) and with blocks
General case reasonably related to the blocks of G

!

Transform to symmetric

N 0 0 | G B
Obtain necessary structure
} ¢ |0
Apply symmetric Result
1
Transform back O O ‘ C G2
{ B* * ‘

General Result 2

o

o
o

Oxford
Mathematics



ANALYSIS AND COMPARISON Matrix perturbation theory result

FROM THE SYMMETRIC TO THE GENERAL RESULT

Obtain a matrix similar to G, suitable for (Nakatsukasa, 2012) and with blocks
reasonably related to the blocks of G
General case

!

Transform to symmetric _ _
{ 0 G ’ 0 B
Obtain necessary structure * *
0 | C* 0
1 1
Apply symmetric Result - - - - - =. Gp

i 0 C | 0 G

Transform back
} B* 0 | G 0

General Result

Note: Ai(Gp) = Mi(Guw) Y +0i(G)
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ANALYSIS AND COMPARISON Matrix perturbation theory result

FROM THE SYMMETRIC TO THE GENERAL RESULT

Obtain a matrix similar to G, suitable for (Nakatsukasa, 2012) and with blocks

General case reasonably related to the blocks of G

!

Transform to symmetric

0 G| 0 B
4 0 | Ccr o0
Gy, = - - _
Obtain necessary structure 0 c ‘ 0 G
\L B* 0 | > 0
Apply symmetric Result
0 F1 | 0 F2
T fi back *
ranstorm bac X Fll O ‘ F2*1 0
1 Gp = Gt - - 2 | =G+F.
General Result 0* Fa1 ‘ (l F22
12 0 ‘ F22 0
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ANALYSIS AND COMPARISON Matrix perturbation theory result

FROM THE SYMMETRIC TO THE GENERAL RESULT

General case

1

Transform to symmetric Define
\L 0 C i 0 F1
Obtain necessary B* 0 , Fp 0 ,
structure i =
. 0 G
! m.n,-\A,-—A,-qG; 02]>|—2HFPHZ

yealy e e Then, for each i, if 77 > 0:

A 0 F;
! e - aiél < [ & ]
Transform back

!

General Result

2
T
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ANALYSIS AND COMPARISON Matrix perturbation theory result

FROM THE SYMMETRIC TO THE GENERAL RESULT

General case

1

Transform to symmetric

!

Obtain necessary
structure

!

Apply symmetric Result

!

Transform back

! IFpll2 = lIFl2

>

0o M
M, 0

» Jordan-Wielandt theorem

‘ = max{||My||2, || M2]]2};
2

= |Xi(Gp) = Mi(Gp)| = |0i(G) — 0i(G)],

fori=1,...,n;

» By Jordan-Wielandt theorem and by construction of Fp:

General Result

Oxford
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ANALYSIS AND COMPARISON Matrix perturbation theory result

FROM THE SYMMETRIC TO THE GENERAL RESULT > Generalization of (Nakatsukasa, 2012)

General case R rheorem 41 (L.,Al Daas, Nakatsukasa,2024)
Transform to symmetric i .
Consider the matrices
v G B A Fi1 Fi2
Obtain necessary G:= [C sz| , G=G+ [F21 o =:G+F,
structure
i and define
Apply symmetric Result o (maX{IIBHz, IC[23} + max{||Fi2l, , ||F21||2})
I . .
1 min; |0;(G) — 0 (G2) | = 2||F[;
Transform back Then, for each i, if 7; > 0, then
+ |0i(G) — 0i(G)| < | Fually + 2 max{|| Fizlly , [|Forlla}7i + [ F2ll, 77
General Result

Oxford
Mathematics



ANALYSIS AND COMPARISON Matrix perturbation theory result

FROM THE SYMMETRIC TO THE GENERAL RESULT > Generalization of (Nakatsukasa, 2012) Hatenac

General case

!

Transform to symmetric

!

Obtain necessary
structure

!

Apply symmetric Result

!

Transform back

!

General Result

» Generalization to Block Tridiagonal: A Singular Value is insensitive to blockwise perturbation if it is

. Theorem 4.1 (L.,Al Daas, Nakatsukasa,2024)

Consider the matrices

G B A Fi1 Fi2
G := =G =G+ F
[C GJ ’ + [le F22} + 5

(o}

and define

Dit—

(maX{llBsz [ICll2} + max{||F12l,, ||F21||2})
min; |0;(G) — 0; (G2) | — 2||F||,

Then, for each i, if 7; > 0, then

|0:(G) = i(G)] < [|Fually +2max{[|Fizlly , | Farllp}7i + [ Fa2ll, 77,

well-separated from the spectrum of the diagonal blocks near the perturbed blocks.
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ANALYSIS AND COMPARISON

BOUND ON GN APPROXIMATION ERROR > Derivation

e AV, U — Agy=AV(U*AV)TT*A
e Define
A=[0 0L AV Vo), Agy = (10 OL°AV V) [4)-[5]

. - [0 0 A
=— Acy = A — _ . =:A—E
CY |:0 Az — A21A11A12:| e
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ANALYSIS AND COMPARISON

BOUND ON GN APPROXIMATION ERROR > Derivation

Mathematal

e AV .U — Agy=AV(U*AV)TT*A
e Define
A=[0 0 AV V), Aew = (10 Ou)* ALV Vu]) 5] [4]
% |-

. - [0 0 A
=— Acy = A — _ . =:A—E
CY |:0 Az — A21A11A12j| e

(L., Al Daas, Nakatsukasa, 2024)

Define _ _
max{|[|A12]|2, [[A21]2}

min; |o;(A) — o (Ax) | — 2 ||Eenlly

i =

Then, for each i, if 7; > 0

|oi(A) — 0i(Aen)| = |oi(A) — oi(Aen)| < HA_22 = AZI/Z\L/Z\HHQ

» 7; < 1 necessary to be better than Weyl. If o;(A) is far from the spectrum of Ay then 7; < 1
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ANALYSIS AND COMPARISON

BOUND ON GN APPROXIMATION ERROR > Numerical illustration

e /=0

A € R1000%1000

® Uey, Vex Haar Matrices

e 0;(A) exponentially decaying
o [V,~] =qr(A"Q,0)

o [0.~] = qr(AQ,0)

\/ € R1000x200

° 0 c RIOOOXZOO

e Compute pseudoinverses by QR fac-
torization

oi(Aen,v,0) = oi(AV(0*AV)' 0" A)

0 50 100 150
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ANALYSIS AND COMPARISON

BOUND ON GN APPROXIMATION ERROR > Numerical illustration

10°

e /=0
A € [R1000X1000
® Ue, Vox Haar Matrices 10'5
e 0;(A) exponentially decaying
o [V,~] =qr(A"Q,0)

7 -10
o [U,~] = ar(AQ,0) 10
o U/ € R1000%200

° 0 c RIOOOXZOO

1078 M
e Compute pseudoinverses by QR fac- L B
torization S Weyl
——Bound
oi(Aen.v.5) = oi(AV(0"AV)T 0" A) 10720
0

50 100 150 200
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COMPARISON OF METHODS > Idea

10°
Single-pass methods 10
10°
» o7VP = o (AV)
» ofR = o;(0AV) 107°
GN _ = AT T ‘ o |oi—af¥|
b o = o (AV(0AV)T 07 A) o o o oh®
‘U; _ govD
10-20 7
0 50 100 150 200
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ANALYSIS AND COMPARISON

COMPARISON OF METHODS > Idea

Mathematal
nsttute

Single-pass methods

10°

107

o oo

— — — Weyl for GN
— — —Bound for GN
5 oo
Weyl for RR

Bound for RR

‘0, o U(S'VD‘
,,,,, Weyl for SVD
_____ Bound for SVD

> G = ai(AV) 1070
P o ’ o

» oRR = o;(0*AV) - N : ’

1071 gy o B © 1
b o = oy (AV(0*AV)! 0 A) 0 RRL, -

10720

0 50 100 150 200
3
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PLUS,

» Similar results for oversampling case
» Different approximate singular subspaces

» Idea on how to modify bound to make it computable

Future work:

» More on the difference between oversampled and non-oversampled cases

» Use bounds to formally characterize the differences in behaviors of the different techniques: GN, HMT,
Rayleigh-Ritz;
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THANK YOU!

EXTRACTING ACCURATE SINGULAR VALUES FROM APPROXIMATE SUBSPACES

LORENZO LAZZARINO, HussaMm AL DAAS, YUJI NAKATSUKASA

[1] MATRIX PERTURBATION ANALYSIS OF METHODS FOR EXTRACTING SINGULAR VALUES FROM APPROXIMATE SINGULAR SUBSPACES, L.L., H. AL DAAS, Y. NAKATSUKASA,

2024, ArRX1vV



BOUND ON GN APPROXIMATION ERROR > Numerical illustration - Oversample

e r+{¢=15r
A € R1000x1000 10°®

o Ue, Ver Haar Matrices o~
e 0(A) exponentially decaying o
o [V,~] = ar(A"Q,0) 10710 o
= N
o [U,~] = ar(AQ,0) »
o V7 € RI000X200
¥ 1000 X 300
e UcR 10-15 o .’c..
e Compute pseudoinverses by QR fac- I P Y A
torization ° y

oi(Agn..0) = oi(AV(T"AV)T 0 A) 1020

50 100 150 200
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BOUND ON GN APPROXIMATION ERROR > Numerical illustration - Oversample

e r+/¢=15r
Ac RIOOOXIOOO

o Ue, Ver Haar Matrices 107
e 0;(A) exponentially decaying
o [V,~] =qr(A*Q,0)

o [U,~] = qr(AQ,0)

o \/ c R1000X200

° 0 c RIOOOXSOO

10710

10715 |4
e Compute pseudoinverses by QR fac- r
torization
oi(Agy o o) = oi(AV(T*AV)T 0" A) 102
i\A6n,Vv,0 i 0 200
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HEURISTIC BOUND FOR GN WITH OVERSAMPLE

A
Log(abs(matrix entries))
-5
200
-10
400
600 e
800 .
1000

0 200 400 600 800 1000

Oxford
Mathematics



HEURISTIC BOUND FOR GN WITH OVERSAMPLE

Mathematal

A A
Log(abs(matrix entries)) Log(abs(matrix entries))
-5
5
200 200
-10
10
400 400 315
= -20
600 315 600
25
-30
800 . 800
-35
1000 1000
0 200 400 600 800 1000 0 200 400 600 800 1000
Oxford L.LAZZARINO EXTRACTING ACCURATE SINGULAR VALUES FROM APPROXIMATE SUBSPACES 25th June '25 2/7
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HEURISTIC BOUND FOR GN WITH OVERSAMPLE Hatemac
A A
Log(abs(matrix entries)) Log(abs(matrix entries))
-5
-5
200 200
-10
-10
400 400 315
20
-15 =
600 a 600 s
800 . 800 <9
Log(abs(matrix entries)) 35
1000 1000
0 200 400 600 800 1000 200 400 600 800 1000
-1
200 0
-20
400
-30
600 -40
800 -50
-60
1000
0 200 400 600 800 1000
Oxford L.LAZZARINO EXTRACTING ACCURATE SINGULAR VALUES FROM APPROXIMATE SUBSPACES 25th June '25 2/7
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HEURISTIC BOUND FOR GN WITH OVERSAMPLE > Numerical illustration ot

nsttute

‘7 c RIOOOXZOO
0 c RlOOOxSOO
A

Size of A1 : 200 x 200

. . 0| o |o(A)-0(As)l
Log(abs(matrix entries)) 10 Nt
——Weyl
——Bound
-10 —— Heuristic bound
200 10%
-20
400
-30 10-10
600 -40
0=
800 <0
-60
1000 1020
0 200 400 600 800 1000 0 50 100 150 200
Oxford L.LAZZARINO EXTRACTING ACCURATE SINGULAR VALUES FROM APPROXIMATE SUBSPACES 25th June '25 3
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COMPARISON OF METHODS > Analysis

Q=[0 0], Q@=[V V]
» UI.RR = a,‘(U*A\N/)
A=QAQ,
Uf(ARR,V,U) = Ui(ARR, [,01 {,/34} ) = gl-(/_\n) = @y ({Aoll g:|>
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COMPARISON OF METHODS > Analysis

Qq=[0 0], @=[Vv V]
» ofR = ai(U*AV)
A=Q;AQ,
A R A 0
oi(Arg,v,0) = Ui(ARR m {/Hq)l = 0i(An) = o; ([ 0“ 0])
“lof | o
Define

RR_ 2max{ ||A12 2. [1A211l2}

' (ming |0 — o (A22) | = 2||Egrll2)

Then, for each i, if 7; > 0

RR max{ | A2 l2, | A21 l12}2
loj — o | <4— —
min |oj — o (A2) | = 2||Errll2

amax{[| A2 l2, [ A1 l12}2

- = 2
(min |0 — o (Ap2) | = 2| Errl)

+ A2l
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COMPARISON OF METHODS > Analysis

Qq=[0 0], @=[Vv V]
» UI'RR = 0[(0*/4\7) N O'iSVD — U/(A\?)
A=QAQ A=AQ = [A A
oi(Agg,7,0) = ”i(A_RR [/,} {/,H}N =oi(An) =o; ([AO“ 8]) oi(Asvp,v) :Ui(ASVD, [/6]) =oi([A 0])
“lo] |0
Define
RR_ 2max{ ||A12 2. [1A211l2}

' (ming |0 — o (A22) | = 2||Egrll2)

Then, for each i, if 7; > 0

RR max{ | A2 l2, | A21 l12}2
loj — o | <4— —
min |oj — o (A2) | = 2||Errll2

amax{[| A2 l2, [ A1 l12}2

- = 2
(min |0 — o (Ap2) | = 2| Errl)

+ A2l
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COMPARISON OF METHODS > Analysis
Q]_ = [0 UL] 5 Q2 = [\7 VL}
» ofR = oi(U*AV) D@2 = ai(AV)
A=Q;AQ A=AQ = [A; A
= = Au O . ) —oi (A — oi([A
oi(Arn,i,0) = oi(A m ) {Ir#}ﬂ = 0i(An) = o ([ i OD oi(Asvp,v) =oi(A, [,O]) oi([A4:  0])
Define -
JRR _ 2max{||A12ll2, 1421 ll2} LSVD _ 2|14, 12 >@

" (ming lo — oy (Ag2) | — 2]|Egrlly) ’ ai —2llEsvp 2

Then, for each 7, if 7; > 0 i, i 2B 6 ff 7 2> @

142113

RR max{ [| 41212, (1421 ll2}> oy — o$VP| <4
oj = 2llEsvp 2

loj — ofR| <a— E
min |oj — o (A2) | = 2||Errll2

amax{[| A2 l2, [ A1 l12}2

- = 2
(min |0 — o (Ap2) | = 2| Errl)

+ A2l

Oxford
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BOUND ON GN APPROXIMATION ERROR > Numerical illustration - Algebraic decaying singular values

ai(A) = (7)*

Without oversample (¢ = 0) With oversample (r + ¢ = 1.5r)

10710

1 0-1 0
1020
- oA -oAgyl
o o [ oi(A) -a(Agy)l Weyl
10 Weyl —Bound
—Bound — Heuristic Bound
1030
100 150 200 0 50 100 150 200
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A-POSTERIORI ERROR BOUND > Derivation

Provide ideas on how to make the bound computable in practice

For 7; >0, |0j(A) — oi(Aen)| < 2 HA_lz = AnALAuHZ Ti + HIZ\22 = 521/5{1/512“27-2

i

max{||A12|2, || Azt |2} + H/_\u = 5115{1/512’)2
minj |oi(A) — 0j (A22) | — 2| Eanll

T =
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A-POSTERIORI ERROR BOUND > Derivation

Provide ideas on how to make the bound computable in practice

For 7 >0, |0i(A) — oi(Aen)| < 2 HA_lz - AnALAuHZ Ti + HIZ\22 = 521/5{1/512“27-2

i

max{||A12||2, || A21]l2} + HAH = A_11A_11512H2
min; |oi(A) — 0j (A2) | — 2||Eanll

(Forward Bound) Agy =A— Egy = 71 =
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A-POSTERIORI ERROR BOUND > Derivation

Provide ideas on how to make the bound computable in practice

For 7 >0, |0i(A) — oi(Aen)| < 2 HA_lz - AMLAQHZ Ti + H/_\22 = 521/5{1/512“27-2

i

max{||A12||2, || A21]l2} + HAH = A_11A_11512H2
min; |oi(A) — 0j (A2) | — 2||Eanll

(Forward Bound) Agy =A— Egy = 71 =

max{[| A1 Al Aval2, [|A12]|2} + [|A12 — A1 Al Al
min; |0 (Aen) — 0j(A21 A} Ar)| — 2| Egnll,

(Backward Bound) A = Agy + Egy = 7; =
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A-POSTERIORI ERROR BOUND > Numerical Illustration

Provide ideas on how to make the bound computable in practice

For 7; >0, |0j(A) — oi(Aen)| < 2 HA_lz = AnALAuHZ Ti + HIZ\22 = 521/5{1/512“27-2

i

=[|Aw2l2 <[l A12]l2

o max{[|An Al; Ava|2, [| A1z ||2} + || A12 — A1 Al Aroll2
[ . —_ - - —
min; |0 (Aen) — 0j(A21 A} Ar)| — 2| Ecnll,
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A-POSTERIORI ERROR BOUND > Numerical Illustration

Provide ideas on how to make the bound computable in practice

For 7; > 0, |O’,‘(A) = O’,'(AGN)| <2 HA]Q = AnAIlAnHZT’- aF HA22 = A21ALA12H27',-2

105] + 1o® oAl
——(hFB)

Weyl f

10°) |- - -(hBB) I

***** approx(hBB) |

- - -5
=|lA12]l2 <[|Aw2ll2 10

o max{||An Al Arol2, | Ar2]l2} + || A1z — A Al Arol|2 10710
[ . —_ - _ —
min; [oi(Aen) — oj(A21 Al Ar2)| — 2 || Eanll

1071

10-20
0 50 100 150 200
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